Introduction
The stability analysis of columns and frames under time varying parametric axial loads are of great importance in civil, mechanical, and aerospace engineering. This subject generally termed "Dynamic Stability" has been investigated by numerous structural researchers since Koning and Taub [1] studied the stability of a simply supported elastic imperfect column subjected to a sudden applied axial load of known duration. Dynamic Stability encompasses many classes of problems and many different phenomena for the same configuration subjected to the same dynamic loads. Therefore, it is not surprising that several uses and interpretations of the term exist. Simitses and Hodges [2] on page 329 of their textbook state that: "The class of problems falling in the category of parametric excitation, or parametric resonance, includes the best defined, conceived, and understood problems of dynamic stability". The problem of parametric excitation is best defined in terms of an example. Consider an Euler column, which is loaded at one end by a periodic axial force. The other end is immovable. It can be shown that, for certain relationships between the exciting frequency and the column natural frequency of transverse vibration, transverse vibrations occur with rapidly increasing amplitudes. This is called parametric resonance and the system is said to be dynamically unstable. Moreover the loading is called "parametric excitation". Bolotin [3] is an excellent reference on Dynamic Stability. Because of space limitation a brief bibliography of some studies made in the last forty years is presented next.
Wirsching and Yao [4] developed a relationship for the stability condition of a pin-ended column with initial curvature excited by physical white noise. Iwatsubo et al. [5] studied the instabilities of a cantilever column subject to an axial periodic load (Euler-type problem) and to a tangential periodic load (Beck-type problem). Ahmadi and Glockner [6] studied the stability of a viscous-elastic column subject to deterministic axial load with sinusoidal time variation as well as stationary and non-stationary random variations. Simitses [7] presented the concept of dynamic stability for suddenlyloaded elastic structural configurations along the related criteria and estimates of critical conditions. Sridharan and Benito [8] studied experimentally the interaction of local and overall buckling in thin-walled columns and the effect of suddenly applied compression dynamic end loads. Shigematsu et al. [9] studied the dynamic stability of initially imperfect columns and plates under time-dependent axial compression in elastic and elastic-plastic regions using matrix functions.
Sophianopoulos and Kounadis [10] studied the dynamic stability of imperfect frames under joint displacements. Wong and Yang [11] studied the inelastic response of structures with strain-hardening and strain-softening properties as well as with elastic-plastic properties subjected to dynamic loadings using the force analogy method. Svensson [12] studied theoretically and experimentally the stability of a dynamic system with periodic coefficients including the effects of both internal damping and damping at the boundaries.
Yabuki et al. [13] studied the inelastic dynamic stability of steel columns subject to a steady axial force and an alternating dynamic axial force including the effects of support conditions and the frequency of the axial force. Kumar and Mohammed [14] studied the dynamic stability of columns and frames subjected to axial periodic loads using the FEM and Newmark method for the integration of the equations of motion. Dohnal et al. [15] studied the behavior of a uniform cantilever column under a time-periodic axial force using the FEM. Mailybaev and Seyranian [16] studied the classical problem of stabilization of a statically unstable elastic column (simply supported and clamped-hinged ends) by axial harmonic vibration.
The main objective of this paper is to present an analytical method and closed form equations that determine the dynamic stability of an elastic 2D prismatic column with semirigid end connections of identical stiffness and with sidesway between the two ends totally inhibited subject to parametric axial load described by a Fourier series. The proposed model and corresponding equations which are straightforward and relatively simple to apply can be used to investigate the effects of damping, rotary inertia and semirigid connections on the stability of slender columns under periodically varying axial loads using a single column element. The closed-form equations make use of Floquet´s theory to predict the dynamic instability regions of slender columns. Nonlinear effects like those produced by the axial inertia, the coupling between longitudinal and transverse deflections, and the curvature are not taken into account. Sensitivity studies are included in a companion paper [17] that shows the effects of rotary inertia, damping and semirigid connections on the dynamic stability of prismatic columns under parametric axial loads.
Structural model
Consider the 2D prismatic column elastically connected at both ends A and B as shown in Fig. 1a . The element AB consists of the column itself A'B' connected by elastic springs AA' and BB' both with identical flexural stiffness (whose dimension is force-distance/radian) at ends A' and B', respectively. It is assumed that the column A'B': (1) is prismatic with cross sectional area A, principal moment of inertia I (about the axis of bending), and span L; (2) is made of a linear elastic, homogeneous and isotropic material with elastic modulus E; (3) its initial centroidal axis is a perfect straight line; (4) is subjected to a varying end axial load defined by a Fourier series 
Dynamic Analysis
The lateral deflection of the column is derived by applying dynamic equilibrium on the differential element ( Fig. 1b) and compatibility conditions at the ends of the member. The transverse and rotational dynamic equilibrium equations are: Equation (3) must meet the following four boundary conditions:
The solution of Eq. (3) can be written in the following form:
Where the constant  must satisfy the following condition:
In terms of the fixity factor  Eq. (7a) becomes:
Equation (6) coupled with the condition given by Eq. (7b) satisfies the four boundary conditions expressed by Eqs (4a-b) and (5a-b) listed above. Substituting Eq. (6) into (3) the following ordinary differential equation in f(t) is obtained:
To facilitate the analysis of columns subjected to varying axial forces, the following six dimensionless parameters are introduced: 
where:
Proposed Equations for Instability Borders
The proposed equations are based on Floquet's theory. The derivation is presented in Appendix I for easy reference.
As can be seen the character of the solutions for Eq. (8b) depends on the values of its harmonically varying coefficients leading to stable or unstable conditions. From Floquet´s theory it can be concluded that on the border between stable and unstable conditions the solutions for Eq. (10) is not applicable and the solution shall be obtained by solving Eq. (23b). Table 1 lists closed expressions for different classic types of periodic axial loads. These expressions can be used to investigate the effects of damping, rotary inertia and semirigid connections on the stability of slender columns subject to periodic axial loads in a systematic manner. For periodic loadings that are not listed in Table 1 , simply use Eqs. (9) and (10) shows graphically the two first regions of instability for all types of loading described in Table 1 
Step-by-step procedure
The following steps are proposed to evaluate the dynamic stability for columns subjected to periodic axial loads: 3. In order to estimate which regions at both sides of the borders, obtained from step (5), are of stability or instability is necessary to evaluate trial points located at both sides of the borders, and evaluate the behavior of ) ( f by applying a numerical method for solving the ordinary differential equations. The Runge-Kutta method is suggested in this case since it is simple, efficient and accurate. To describe how to solve Eq. (8b) using the Runge-Kutta method, the system of ordinary differential equations defined by Eq. (16) is rewritten as follows:
The method is given by:
Where: h = time step size.
Once the points corresponding to parametric resonance and those that give stable solutions are known, the regions of stability and instability can be established, respectively.
Summary and conclusions
Closed-form expressions that can be used to predict the dynamic instability regions of slender Euler-Bernoulli columns are developed using Floquet´s theory. The proposed method is straightforward and the corresponding equations are relatively easy to use. The proposed closed-form equations enable the analyst to explicitly evaluate the effects of damping, semirigid connections, and rotary inertia on the nonlinear elastic response and lateral stability of slender prismatic columns with sidesway inhibited, subject to static and dynamic axial loads. The proposed equations are not available in the technical literature.
The developing of simple closed-form expressions capable to predict the dynamic instability regions of slender columns with semi-rigid connections including the effects of external damping and rotary inertia under all types of periodic axial loads is a significant advance when compared with other complex numerical procedures that require high computing times to reach a good enough precision. 
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Appendix: Derivation of instability regions
The equations for the borders between stable and unstable conditions for slender columns under parametric excitation proposed herein are based on Floquet's theory as some other researchers such as Svensson [12] and Kumar and Mohammed [14] . A brief description of Floquet's theory is given next.
Rewriting Eq. (8b) as a system of two first-order differential equations the following expression is obtained:
Where: As shown by Timoshenko and Gere [18] depending on the magnitude and frequency of the periodic axial load, stable or unstable conditions can be reached. From Floquet´s theory it is concluded that the borders between stable and unstable conditions the solutions for Eq. 
The solution with period T 2 indicated by Eq. (13) is only applicable to the odd number of regions as described by Kumar and Mohammed [14] . Since closed expressions for the regions of instability are of interest, it is necessary to consider a finite part of the determinant shown in Eq. (19a). A sufficiently close approximation for the infinite eigenvalue problem is obtained by taking n= 1 inEq. (17) according to Svensson [12] . Now using this approximation Eq. In a similar way, a sufficiently close approximation for the infinite eigenvalue problem is obtained by taking n= 1 in Eq. (17) . By using this approximation Eq. (19b) can be obtained. Unlike the previous case, the determinant expressed by Eq. 
